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Abstract

This paper presents a Wiener-Hopf equations technique to suggest and analyze
an iterative algorithm for solving the strongly nonlinear general nonconvex
variational inequality. We establish the equivalence between the strongly
nonlinear general nonconvex variational inequalities and the general nonconvex
Wiener-Hopf equations. We also prove the convergence of the suggested
algorithm under suitable conditions. Some special cases are also discussed.

1. Introduction

This work was inspired by the wvariational inequalities theory
introduced by Stampacchia [16], this theory provides simple and unified
framework to study a wide class of problems arising in pure and applied

sciences. The existence and iterative schemes of variational inequalities
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have been investigated over convex sets, and that is due to the fact that
all techniques are mainly based on the properties of the projection
operator over convex sets. Recently, a new class of nonconvex sets, called
uniformly prox-regular sets, has been introduced and studied in [5]. In
[4], Bounkhel et al. introduced a new class of variational inequalities
called the nonconvex variational inequalities. Noor [10], Moudafi [9], and
Pang et al. [13] have also considered the variational inequality problems
over these nonconvex sets. In [10-12], Noor has shown that the projection
technique can be extended to nonconvex variational inequalities and has
established the equivalence between the nonconvex variational
inequalities and fixed point problems by using the projection technique.
This equivalent alternative formulation has been used to investigate the
existence of a solution of the nonconvex variational inequalities on one

hand and to introduce some iterative methods on the other hand.

In this paper, a new class of nonconvex variational inequalities
involving three nonlinear operators, is introduced and it is called the
strongly nonlinear general nonconvex variational inequality. Also, a new
Wiener-Hopf equations technique was applied to solve this new class of

variational inequalities.
For more information about applications, numerical methods and
other aspects of variational inequalities, one may refer to [1-16].

2. Preliminaries

Let H be a real Hilbert space, whose inner product and norm are

denoted by (.,.) and |.||, respectively. Let K be a nonempty closed subset

in H. One recall the following well-known concepts from nonlinear convex

analysis and nonsmooth analysis [5, 6, 14].

Definition 2.1. The proximal normal cone of K at u € H is given by

NP@w)={¢e H:30>0st ue Pglu+at]},
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where
Pglu]l = {u" e K : dg(u) = |u - u"[}.
Here dg(.) is the usual distance function to the subset K, that is,
= inf v - u|.
dg () = inf v - ul|
The proximal normal cone N § («) has the following characterization.

Lemma 2.1. Let K be a nonempty, closed subset in H. Then & < NII; (w),

if and only if there exists a constant o > 0 such that
(&, v-u) < aofv- u||2, Vv € K.

Definition 2.2. ([6]). The Clarke normal cone, denoted by N IC( (w), is

defined as
N§(u) = co[ Nk )],

where ¢0[S] denotes the closure of the convex hull of S. One always has
N¥(u) c N%(u). The converse is not true in general. Note that N ()

is always a closed and convex cone and that N § (u) is always a convex

cone, but may be nonclosed (see [5, 6]). Furthermore, if K is convex then
all the existing normal cones and the normal cone in the sense of convex

analysis N (u) given by

Ngw):=1{veH:{(v,u" -u), for all v e K},

are coincided. A new class of nonconvex sets, called uniformly r-prox-
regular sets has been introduced and studied in [5]. It has been
successfully used in many nonconvex applications such as optimization,
economic models, dynamical systems, and differential inclusions. This
class seems particularly well suited to overcome the difficulties, which

arise due to the nonconvexity assumption on K, see [4].
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Definition 2.3. ([5]). For a given r € (0, ], a subset K is said to be
uniformly r-prox-regular, if and only if every nonzero proximal normal to
K can be realized by an r-ball, that is, Vu € K and 0 # § € Nllg(u), one
has

/el v-u)<@/2r)|o-ul?, VvekK.

Recall that for r = +oo, the uniform r-prox-regularity of K is
equivalent to the convexity of K. The following lemma summarizes some
important consequences of the uniform-prox-regularity needed in the
sequel.

Lemma 2.2. Let K be a nonempty closed subset of H, r € (0, ©]| and
set K, ={u € H : d(u, K) < r}. If K is uniformly r-prox-regular, then the
following holds:

G) Yu € K,, Px(u) = @;

(i) Vr' € (0, r), the operator Py is Lipschitz continuous with constant

r

’

r—r

on K,.

For given nonlinear operators T, A, g, we consider the problem of

finding u € H : g(u) € K such that

(Tu, g(v) - gw)) + M g) - gw)|* > (Aw), &) - gu)),
Vv e H : g) e K, (1)

Inequality of type (1) is called the strongly nonlinear general nonconvex

variational inequality SNGNVI, and A is a positive parameter. If g = I,
the identity operator, then (1) is equivalent to finding u € K such that

(Tu, v—u)+?»||v—u||2 > (Au),v-u), Vvelk, (2)
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which i1s known as the strongly nonlinear nonconvex variational

inequality, and was introduced and studied by Noor [11]. If A(u) =0,

then problem (1) is equivalent to finding u € K such that

(Tu, gv) - g(u)) + A g) - g(u)"2 >0, VveH:gb)ek, 3)

which is called the general nonconvex variational inequality. If g = I,
the identity operator, and A = 0, then problem (3) is equivalent to
finding © € K such that

(Tu,v-u) 20, Vvelk, (4)
Problem (4) is the variational inequality introduced and studied by Stam-
pacchia [16].

If K is a nonconvex (uniformly r-prox-regular) set, then problem (1) is
equivalent to finding u € K such that

0eTu-A()+ NE(g)), (5)

where N¥(g(u)) denotes the normal cone of K at g(x) in the sense of

nonconvex analysis. Problem (5) is called the nonconvex variational
inclusion problem associated with the nonconvex variational inequality
(1). This implies that the variational inequality (1) is equivalent to
finding a zero of the sum of two monotone operators (5).

3. Iterative Algorithm

In this section, we establish the equivalence between the nonconvex
variational inequality SNGNVI (1) and the fixed point problem by using
the projection operator technique used in Noor [10-12].

Lemma 3.1. u € K is a solution of the strongly nonlinear nonconvex

variational inequality (1), if and only if u € K satisfies the relation
g() = Pglg(u) - pTu + pA(u)], (6)

where Pk is the projection of H onto the uniformly r-prox-regular set K.
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Proof. Let u € K be a solution of (1). Then, for a constant p > 0,
0 € g(u)+ pNE (g(w)) - (g(u) - p(Tu - Aw)))

= (I+pNE )g(w) - (u = p(Tu - A(w))

=
gw) = (I+pNg ) [gu) - pTu + pAw)]
= Pg[g(u) - pTu + pA(u)],
where we have used the well-known fact that Pg = (I + Ng ). O

Lemma 3.1 implies that the strongly nonlinear general nonconvex
variational inequality (1) is equivalent to the fixed point problem (6).
This alternative equivalent formulation is very useful from the numerical
and theoretical point of views. The fixed point problem (6) is used to

suggest the following iterative method for solving the SNGNVI (1).

We now consider the problem of solving the nonconvex Wiener-Hopf
equations. To be more precise, let Px be the projection of H onto the
nonconvex set K and Qg = I — Pg, where I is the identity operator. For
given nonlinear operators 7T, A, g, consider the problem of finding

z € H such that
Tg 'Pxz +p 'Qgz = A(g ' Pxz2), (7

where we have used the fact that g_1 exists. Equation (7) is called the

strongly nonlinear nonconvex Wiener-Hopf equation. For some special

value of the operators 7', A, g, one can obtain the original Wiener-Hopf

equations, considered by Shi [15].

Now, we use Lemma 3.1 to establish the equivalence between

problems (1) and (7) and this is the main motivation of our next result.
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Lemma 3.2. The nonconvex Wiener-Hopf equation (7) has a solution

z e H, if and only if the strongly nonlinear nonconvex variational

inequality (1) has solution u € K, provided
u= g_lPKz,
z = g(u) - p(Tu - Au)), ®)
where Pk is the projection of H onto the closed nonconvex set K.

Proof. Let u € K be a solution of (1). Then, from Lemma 3.1, one

obtains
u =g 'Pgle(u) - p(Tu - A@w))].
Let
z = g(u) - p(Tu - Aw)),
then

u = g_lPKz.
Then, from (8), one has
z = Pgz — pTg 'Pxz + pA(g ' Px2),
that is,
p Qg2 + Tg 'Pgz = A(g ' Pgz).
This shows that z € H is a solution of (7) and the converse is also true. [

Algorithm 3.1. For a given z; € K, find the approximate solution

2,41 by the iterative scheme
g(u,)=Pgz,, n=0,12 .., (9)
2,41 = (1=0,)z, + o,[g(u,)-pTu, +pA(u,)], n=012 .., (10)

where 0 < a, <1 forall n > 0.
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4. Convergence
In this section, we will prove the convergence of the Algorithm 3.1,
for this purpose, we need the following:
Definition 4.1. An operator T : H — H 1is said to be

(1) strongly monotone, if and only if there exists a constant a > 0
such that

(Tu —Tv, u —v) > ofu —v||2, Yu, v e H;

(11) Lipschitz continuous, if and only if there exists a constant > 0

such that
|Tu — Tv| < Bl|lu-v|, Vu,veH.
Theorem 4.1. Let Pg be the Lipschitz continuous operator with

constant § = ﬁ Let T, g be strongly monotone with constant o > 0,

n > 0, respectively, and Lipschitz continuous with constant f§ > 0, ¢ > 0,

respectively. Let the operator A be Lipschitz continuous with constant

vy > 0. If there exists a constant p such that

(a3 —y(1 = (1+8)R))
3(p% —y2)

) Vias - 41— (L+ 8)k) - (B% - v*) (5% — (1 - (1 + 8)k)) . (11)
3(p* - v*)

Spa>1, k<1, k=+1-2n+02, 80 > y(1—(1+dk)

B2 -2 (82 - (- + k),

o0
and o, €0, 1], Vn > 0; z o, =, then the approximate solution z,
n=0

obtained from Algorithm 3.1 converges to a solution z € H satisfying the

nonconvex Wiener-Hopf equation (7).
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Proof. Let z € H be a solution of (7). Then, using Lemma 3.2, we get
z=(1-ay)z+a,ig)-p(Tu - AW)), (12)
where 0 < o, <1.
From (10) and (12), one has
lzns1 =2l < (L= 0ay)|zn = 2] + onfluy, —u = (8(uy) - 8w))|
+ ayllu, —uw—p(Tu, — Tu)| + o,p|Alu, ) — Aw)|. (13)

Since the operator T is strongly monotone with constant o > 0 and

Lipschitz continuous with constant B > 0, it follows that

2 2 2
lun = = p(Tup = Tu)® <y —ul* = 2p(u, —u, Tu, —Tu)+ p*|Tu, — Tul

2
I

< (1 - 2pa + p2p> N, —u|”. (14)

Similarly, since the operator g is strongly monotone with constant n > 0

and Lipschitz continuous with constant ¢ > 0, it follows that
I, == (8(uy ) - 8@ < |un —ul® - 21, —u, g(u,) - gw))+| g(u, ) - g@)|

< (1-2n+0%)|u, —ul?. (15)

From (13), (14), (15), and using the Lipschitz continuity of the

operator A with constant y > 0, we get

lzner =21 < (1 =02 - 2]

+ an(\/l -2n+ o2 + x/l - 2po + PZB2 + p“{) ler, = ul, (16)

from (9) and the Lipschitz continuity of the projection operator Px with

constant 5, we have

"un - u” = "un -u—-(g(u,)-g)+ (Pgz, - PKZ)"

<N1-2n+0%|u, —u|+ 3z, - 2],
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)
lun = ull < m"zn -2,

where k =41 -2n+ 02, and we can rewrite (16) as

(1-oay)]z, - 2|
+ %nd (k ++1 - 2p0 + p2B2 + py) Iz, - |
A -Fk) "

(1-0a,)|zn — 2| + anblz, — 2|,

IA

"Zn+1 - Z"

IA

where
0= L(k+\/1—2pa+p232 +pv)- am
(1-k)

From (11), we see that 6 < 1 and consequently,
"Zn+1 - Z" < [(1 - (1 - e))(’vn]"Zn - Z"

n

< [Tt -0 - 0o -l

i=0

0 n
Since Z(xn diverges and 1-0 >0, it follows that Ilim H[(l—

n=0 =950
(1 - 90))a;] = 0. Consequently, the sequence {z,} converges strongly to z

in H satisfying the nonconvex Wiener-Hopf equation (7). O
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